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RELAXATION MODEL FOR DESCRIBING THE STRAIN OF POROUS MATERIALS

E. I. Romenskii UDC 624.131+4539.215

Plastic volume deformation characterizes the strain of porous media. Various models
involving, in particular, the porosity concept, are used for its description. A survey of these
models is given in [1]. Maxwell's nonlinear model [2] has been found useful for plastic shearing
strain in the case of rapidly occurring processes. We propose that plastic volume deformation
also be considered within the framework of the relaxation model. Relaxation equations of
elastoplastic strain with plastic volume and shearing strain are derived. An example illus-
trating the determination of interpolation expressions for the equation of state and the
volumetric relaxation time is given. The proposed medel describes qualitatively the anom-
alous increase in the amplitude of the reflected wave, which has been detected experimentally
(see, for instance, [3]).

Assume that the medium under consideration does not experience shearing strain and that
the stress tensor in this medium is reduced to pressure. In this case, the strain values in
the medium are determined only by changes in the density p, which, for the assigned field
of velocities uy, is found from the continuity equation

dpldt + u,0p/dz, + pduy/dz, = 0. &y
As is known [4], in the absence of shearing strain, the density is related to the prin-
cipal values of the Hencky tensor of logarithmic strain hy by the relationship p = p, exp

(=h; — h; — h;) (po is the initial density of the medium). If there is only volume strain

in the medium, then h; = h, = h; and 1n (p/py), the compression logarithm, constitutes the
measure of deformation.

Assume that the volume strain rate can be divided effectively into its elastic and
plastic parts:
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d i 7]
Henceforth, 737 —‘UT'+’“157' The compression p/p, is decomposed into the product of the elas-
tic p/P"'exp( ~h% — h% —h8) and the plastic ps/po = exp (—h® ~ hP — hP) compression:
(p/pg) = (p/py)(pyul/pa).

Thus, Eq. (1) is reduced to the expression

d1n(p./p) _ 9%  dlo(py/0x)

dt oz, dt axi P-

(2)

We assume that the intrinsic energy of the medium depends on the effective elastic strain

he (the superscrlpt e will be henceforth omitted) and on the entropy. In our case, this de-
pendence is given by E(h;, h,, hs, 8) = E(p, /p, S) Using the thermodynamic identity [4]

dE = Ej dh; + EgdS = — d(hy + by - hy)+ EsdS,

P* 5(9/9*)
we obtain the following for the stress:
aE 0E
=P =Pt = — P (3)

As usual, the temperature is calculated by means of the expression T = 3E/3S.
For the intrinsic energy, the following equation holds:
p0E/0t 4 puydE/dx, + pou,/dx; = 0, (4)
which follows from the law of conservation of energy.

We now denote £ = 1ln (p,/p), and Eq. (2) is then written thus:

dt/dt = 0u,/dxy — P, (5)
while expression (3) assumes the form
p = —pEs (6)
We now obtain from Eq. (4)
. J s
0=pE & 1 pps & 4 paz — pEg £ — pBgp + plis & — oy 2o,
@
Hence follows the entropy equation
EsdSldt = Egp. (7)

For the closure of the model, it is necessary to determine the rate of plastic volume strain
Py, for which we use the relaxation model. We assume that ¢-—§fﬁ;-ﬂn(p*ﬁﬂyrvn—(h + hy + hy)/Ty.
Thus, Eq. (5) for the effective elastic volume strain assumes the form

dE/dt = ou,loz; — Ty, (8)
while the entropy equation (7) becomes
EgdS/dt = EE¢/ty. (9)
In view of the second law of thermodynamics, it is necessary that the inequality (Eg=T >

0, ty > 0) EEx 2 0 be satisfied.

One naturally assumes that the relaxation time Ty is a function of the parameters of
state for the medium, which, as will become clear later on, makes it possible to describe
experimental data with a sufficiently high accuracy.

By adding the momentum equation to the above equations, we obtain a system for describ-
ing a medium characterized by inelastic volume variation:

odu;/dt -\ Op/dz; = 0, d&/dt — Ou,/dx; — —E/vy,
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odE/dt -+ piu;/dx; = 0, dp/dt =~ pou/dz; = 0 (p = —pky). (10)

A corollary of system (10) is the entropy equation (9). If inelastic volume as well as shear-
ing strain occur in the medium, it is necessary to use simultaneously the relaxation model
described above and the relaxation model for shearing strain [2].

We provide a system of equations with two plastic strain relaxation processes. For the
sake of simplicity, we shall consider the variant where strain occurs along the three prin-
cipal axes. The case where there is nonzerc shearing strain can readily be generalized by
using, for instance, [2]. Assuming that the strain tensor is diagonal like the stress ten-
sor, we obtain the following system:

dug 00y oy ou = (R b3 Rk TRy
°T T T @ T T,

2
T‘,—

r 3
dE 9uy dp du,
LT _Eaifﬁ_o’ a TP —==0
=1 1 £

Here, E(h;, h;, hs, S) is the intrinsic energy density, o = pEh; is the stress temsor, hj is
the Hencky strain tensor (principal values), 1y is the relaxation time of volume strain, and
Tg is the relaxation time of shearing strain. A corollary of this system is the equation for
entropy

3
ds 1 g Ry Ry 1 A
Byt = ZE,,i(hi Y ) + g (Eng + Eny+ En) X

. |
Ey +Ey +E, hi+h,-Lh 1
2@%—*Lﬁ;—%@r“¥7*4+5ﬂmﬁwh+ﬂm¢+m+w=@

The intrinsic energy E(h;, h,, hsy, 8) must be chosen so that the inequality Q 2 0 is satis-
fied. It should be emphasized once more that, for a satisfactory description of experimental
data, it is necessary to consider that the relaxation time ty and 1y depend on the parameters
of state of the medium.

Xy + fy + ) =

Let us consider the example of determining the interpolation expression for ty. For
this, we state the problem of hydrostatic compression of an element of the medium at a con-
stant strain rate. We assume that the element of the medium experiences hydrostatic compres-
sion (dilation) at the constant strain rate g = Ju,/0z, -+ Ou,/dx, I Ju,/0z, and that the pres-
sure is uniformly distributed over the element in question. Within the framework of these
assumptions, system (10) is reduced to the following:

TR, .
& _; & ooas oot (11)
at Ty dt Egry podi

We use the equation of state in the following form:

K « ¥ K
_ K ey, p \¥ sy ] 0 p
E= a(O——H)l(P*) 1} tevT [(p_) e T+ (a-H * \’”"T") (_p*‘” ) (12)
The pressure and the temperature calculated on the basis of this equation of state are given
by the expressions

. 04K o @+1 p \P*1 sjey ] Y e
= 0K, = g [('——-) —1 cv T s e —1 = flg = ._E_ Sley
p=9"Fo= 0= |\ 1 + pxvevi, os i I'=Eg=T, or) €
Here, K, (the square of the velocity of sound) and cy (specific heat at constant volume) must
be determined under conditions of elastic behavior of the medium, where relaxation processes
do not play a part; the constants o and y are the interpolation indices of nonlinearity of
the medium; and T, is the initial temperature.

We provide an example illustrating the method of choosing the interpolation expression
for the volume relaxation time. This expression is not universal and can be modified if neces-
sary. We shall use a material characterized by the p(e) diagram, where € = In (p,/p), which
is typical for porous materials that can be compacted. This diagram is shown in Fig. 1 (curve
1). The volume relaxation time Ty is assigned by the interpolation expression

£ (ol 1)
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Fig. 1

The considerations on which this expression is based are the following: The multiplier
|p/po| ™ is responsible for the "shelf" of plastic strain AB in the p(e) diagram (the value
of 1y is small over this segment); the multiplier exp [68(p/po)™ — 1)] is responsible for
the increase in the relaxation time for large compression values (the material becomes in-
creasingly elastic, and the relaxation time increases).

System (11) was integrated numerically The following values of the constants were used:
po = 0.32 g/em3®, Ko = 0.47-101° cm?/sec?, cy = 0.35-107 cm?/(sec?.deg), Ty = 300 K, o =1,

Yy =1, T% = 1 sec, po = 7.52 MPa, m = 30, 6 = 13, and n = 2.2.

Figure 1 shows the p(e) diagrams for the strain rates € = —10-2; 102; 103 sec-? (curves
2 4) and the p(e) diagrams corresponding to the load release for a materlal at the strain rate
¢ = 10-2 sec-! from two points on the diagram of loading at the strain rate € = 10-2 sec-!. Figure 2
shows the'T(s) diagram corresponding to loading at the same strain rates. It is evident that, for

= —10-2 sec~!, the p(e) curve describes satisfactorily the diagram defined by curve 1.
A better f1t can be obtained by varying the constants of the equation of state and the relax-
ation time.

We provide the results of numerical calculations revealing an anomalous increase in the
amplitude of the wave reflected from a rigid wall. The essence of this phenomenon consists
in the following: when a steady-state shock wave acts on a porous material layer lying on
a rigid surface, the wave reflected from this surface has an amplitude much larger than that
of the incoming wave (gas-dynamics theory predicts approximate doubling of the reflected wave
amplitude). An experimental description of this phenomenon can be found, for instance, in [3].

The problem was solved for a layer with a thickness of 3 cm lying on a rigid base. We
used the unidimensional variant of system (10) with the equation of state (12) and the re-
laxation time (13). The boundary conditions were assigned by the pressure p = 45 MPa for

= 3 cm and the zero velocity u = 0 for x = 0. S. K. Godunov's difference scheme [5] was
used for solving the problem.

The calculation results have shown that, in this model, the compression wave is split
into an elastic forerunner and a plastic wave. Figure 3 shows the pressure as a function
of time at a rigid wall for x = 0. It is evident that the maximum amplitude of the reflected
wave exceeds the pressure acting from the outside on the material layer by a factor larger
than 3. The subsequent vibratory behavior of the pressure at a rigid wall qualitatively
agrees with the experimental data given in [3].
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